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ON EXOGENEITY AND IDENTIFIABILITY*

Manuel ARELLANO
CEMFI

Este articulo presenta conceptos de exogeneidad que distmguen entre una situacion en la que los
pardmetros de interés estdn identificados en un modelo condicional y, por tanto, es posible llevar a
cabo inferencias consistentes sin tener que especificar el modelo incondicional, y una situacion en la
que esto no es posible. Para modelos de series temporales, se proponen definiciones andlogas de prede-
terminacion y exogeneidad estricta que coinciden con el uso habitual de estos términos en los irabajos
economeétricos. Se incluyen tres ejemplos: un modelo de expectativas racionales para series temporales,
una autorregresion para datos de panel y una proyeccion lineal por minimos cuadrados.

1. Introduction and preliminaries

The purpose of this article is to introduce exogeneity concepts which discrimi-
nate between a situation where parameters of interest are locally identified
from a conditional model, and so consistent inferences can be made without
having to specify the unconditional model, and a situation where this is not
possible.

Let X be an mT-dimensional sample vector consisting of T observations on
the m X 1 random vector X, and let the joint cumulative distribution function
(cdf) of X belong to the family of distribution functions

F(x, 8)

where 8 is a vector of p unknown parameters which does not depend on T'.
The possible values of 6 are specified by the set ©. We assume thatevery 8¢ @

* T am grateful to David Hendry and two anonymous referees for helpful comments
on a previous version of this paper.

! We rule out the possibility of having incidental parameters in the sense introduced
by Neyman and Scott (1948). If this case is relevant, F(x, 8) can be thought of as either a
conditional cdf on a set of sufficient statistics for the incidental parameters or a margi
nal cdf on the incidental parameters after a probability distribution has been specified
for these parameters (cf. Chamberlain (1980)).

On the other hand, the fully parameterized cdf F(x, 8) could be replaced by the «semi-
parametric» cdf F(x, 8, g), where g is an infinite dimensional non-parametric compo-
nent. This replacement would leave the discussion presented below essentially un-
changed.
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is identifiable; that is, tor any 8* € @, F(x, 0) differs from F(x,6%) for some
value of x.

The vector X, can be partitioned into X; = (¥, Z)) where Y, and Z, are n and
k-dimensional random vectors respectively. In addition, let us define Y = (¥}

Y3 and Z ="(Z;] ... Z;)’ with a similar convention for lower case letters,
which will denote the associated arguments of functions. The cdf of the sam-
ple can be factorized accordingly into.

F(x0) = F(5,2,0) = [ F(y|u,6,) dF(,6,) (1]
Let ©; be the set of possible values of §; forj = 1,2. We assume that §, in the
conditional cdf of Y|Z and 6, in the marglnal cdf of Z are both 1denuﬁed

Suppose there is an 7 X1 vector of parameters of interest a which is known to
be related functionally to the elements of 8. That s,
0 = 06(a, )

where v is a vector of «nuisance» parameters which are not of direct concern.
Then we may also write

6, =6,(a7)
62 = OZ(Q:Y)
Let 8 be the true value of 8 and lety’ = (o’ ¥’) be the true value of the s X 1

vector ' = (&’ ¥’). Moreover, if 8 is a differentiable function of y we can
define the following matrices of first partial derivatives

00
H=HW) =5
20,
H =H(y)= aw

If rank H (y) = s, then Y is locally identifiable. If, in addition, rank H, (y) =

then ¥ is locally identifiable in the conditional model F(y|z,6,) alone It rnay
be the case that not all the elements of y are locally 1dentlﬁable while the ele-
ments of o are. In particular, if H, factors into BK where B is nonsingular, X is

(Kla 0 )
}(20. }(2‘)/

and K, has full column rank, then a is locally identifiable in F(y|z,8,) (see
Rothenberg (1973), page 38).

2. Exogeneity

Clearly, there is an arbitrary number of different parameterizations (6;6,,0,)
in terms of which the joint cdf of X can be expressed, thus giving rise to alter-



ON EXOGENEITY AND IDENTIFIABILITY 403

native sets of functions of the parameters of interest. In effect, we are concer-
ned with the existence of one such parameterization for which a is locally
identifiable in the conditional model. This suggests the following definition of
exogeneity.

Definition 1. Z, is exogenous for a if and only if there exists a parameterization
(6,, 6,) such that a is locally identifiable in F(y|z,0,).

That is, there exists a neighbourhood of @ in which @ is the unique solution of
#, = 0,(a,y) for a.

Notice that if the observations are independent, as it usually happens with
cross-section and panel data, the previous definition can be restated in terms
of F(y,12,6,).

Also notice that the exogeneity or otherwise of Z, for a depends exclusively on
the choice of parameters of interest, which is made a priori, and hence it is not
a testable assumption in general.?

Often, parameters of interest only relate to first and second order conditional
moments rather than the complete conditional cdf which is intentionally left
unspecified. To these cases, a narrower definition of exogeneity is relevant.
The following one illustrates this idea.

Definition 2. Z, is first order exogenous for a if there exists a parameterization
of the conditional expectation E[Y|Z,¢,] such that a is locally identified on
the basis of ¢, = ¢,(a, v) alone.

3. Time series models

When X is a time series, the analysis usually concentrates on the distributions
of the X, conditional on the past and the continuous case is emphasized®. In
this case, assuming that the X, are continuous random variables, the joint pro-
bability density function (pdf) of the sample is factorized as

T

fix,0) = T1 flx] %y corr %1, 0)

L=
and

f(lexz—u Xy, 0) =f()’tlzux:—n e xlacl)f(zzlxt—la cees X1, Cg)

* Exogeneity tests usually test restrictions on a specification of the joint distribution of
Y and Z, relative to which a is assumed to be identifiable.

* We now assume that all distribution functions are conditional on initial conditions
represented by X,. The emphasis on continuous random variables is due to the
fact that most economic time series contain aggregate observations which
change smoothly.
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Alternatively, in accordance with {1) we may write

f(x’ ) =f(yi7~’ el)f(z’ 8,) =

= Hf(y,lz,y,_;,---,yl,&) Hf(ztlzt—la s 2y, By)

t=1 t=1
At this stage, it is convenient to recall that ’Y, does not Granger cause Z; if

f()’t'z:)’:—u "‘1yl’ el) =f(yllzla xl~l: sy xla 91)
or equivalently

f(ztlxrvh s X1, C) = flz, lzl—]’ Zyy ey 21, Cg)

This suggests two more definitions which are relevant in a time series
context.

Definition 3. Z, is predetermined for a if there exists a parameterization of the
conditional pdff(y,|z,, ¥,_,, ..., %,, ¢;) such that a is locally identifiable on the
basis of ¢, = ¢,(q, V).

Definition 4. Z, is strictly exogenous for a if Z, is exogenous for a and 'Y, does
not Granger cause Z;.

Notice that since exogeneity of Z, for @ means local identification of a in IT".,

f0z, 3215 91, 8,), strict exogeneity can also be defined as predetermined-
ness plus Granger non-causality. Moreover, since Granger non-causality is a
testable assumption, so is strict exogeneity.

First order versions of these concepts in terms of the relevant conditional
expectations are immediate on the lines of Definition 2, and accord with the
standard definitions of predeterminedness and strict exogeneity in the econo-
metric literature on the linear model.

4. Concluding remarks

Note that the concept of predeterminedness given by Definition 3 is weaker
than the concept of weak exogeneity introduced by Richard (1980) and Engle,
Hendry and Richard (1983). If in addition to local identifiability of a from ¢,
we require that ¢, does not depend on a, and vy does not introduce cross-
restrictions between ¢, and ¢,, then Z, is weakly exogenous for a. The diffe-
rence between these concepts is illustrated with examples in the Appendix.

The reason for introducing this weaker concept is to be able to distinguish
between two fundamentally different situations that may arise in practice. On
the one hand, a case where consistent inferences about a are possible on the
basis of the conditional model. In such case the conditional model is useful in
order to learn about o because the parameters of interest are locally identified
from the conditonal reduced from coefficients alone. On the other hand, a
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case where consistent inferences about a from the conditional model are not
possible and thus the marginal model of Z, must be specified. If additional
cross-restrictions relevant to a link the conditional and the marginal cdfss,
then Z, would not be weakly exogenous in either of the two cases. However,
following Definition 3, X, is still predetermined in the first case but not in
the second.

Appendix: examples
Al. A linear rational expectations model

We consider a single equation rational expectations model, taken from Sargan
(1992), which contains one strictly exogenous variable for both the structural
and reduced form coefficients. However, this variable is not weakly exoge-
nous in the sense of Engle, Hendry and Richard (1988) for either of the two
sets of coefficients.

The equation generating the endogenous variable Y, is of the form
Y, =B Yoy + B Yl +cZ + 6 2, + UL

where V!, = E(Y,,,|®), Z\,, = E(Z,,, |®,) and @, is the information set con-
taining ¥, Z, s <t. The model is assumed to be regular in the sense that the
two roots A, and A, derived from

M N
b= BT

are both inside the unit circle (| A, [< 1,|A]< 1)

The variable Z, is assumed to be generated by a stationary autoregressive
equation of the form

Z=0.Z + 0,2, 7,
The disturbances U; and V, are independently identically distributed normally
with variances o; and o} respectively.
The regular solution path can be written in the form
Vi=MY_ +gZ +. .. +gZ_ ,,+tU

where U, = (1 +X, A)U; and, under the assumptions of the model, g,, ..., g,
are well defined differentiable functions of A;, Ay, ¢o, ¢; and @y, ..., @, (the rele-
vant formulae are reported in Sargan’s (1992) paper).

Define the following vectors of parameters
vy = ()"1 ’ )\'23 Cos C;)’
0 = 0"17 2, ...,gp),
(p = (¢l: e ¢}2)’
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With p = 3, there is a one to one mapping from (6, ¢) to (W, ¢) and v is just
identfied, while with p > 8 there are p—3 overidentifying restrictions which
introduce nonlinear constraints in the reduced form coefficients(9,9).

Clearly, Z, is exogenous for 6 because 8 is identified in the conditional model.
However, with p > 3, joint estimation of  and ¢ enforcing the rational expecta-
tions restrictions will result in more efficient estimates of 6 than those based
on the conditdonal model. Thus, Z, is not weakly exogenous for 8. Moreover,
Z, is also exogenous, but not weakly exogenous, for the structural parameters
(A1, Ay, o) in the model that sets ¢; = 0, since they are also identified in the
conditional model. In either case, Z, is strictly exogenous since in this model
Y, does not Granger cause Z,.

Consistent instrumental variables estimates of y can be obtained exploiting
the moment conditions

E[(Y, — B,Y,-, — B;Yl+] —¢Z,— 2 )W,] =0
where W, is the (p+1)X 1 vector
W, = (Y, 2y ooy Zz—p+1),

As with the reduced form coefficients, when p > 3 more efficient estimates of y

can be obtained by jointly estimating y and ¢. This fact precludes the weak
exogeneity of Z, for y.

Other examples of models involving rational expectations, with a discussion
of the implications for inference of predetermined variables as opposed to
strictly exogenous variables, can be found in Hayashi and Sims (1983).

A2. An autoregressive model for panel data

Let us consider a cross-sectional sample of N individual independent time
serjes of three observations each X; = (¥;;, Y5, ¥;5)’, and an autoregressive spe-
cification with individual effects of the form*

E(Ys|Yy, n) = a¥y + n;
E(Ys|Yp, Y, n) = 0¥ + 7,
which implies
E[(Yis = Vi) — @Yy — Yu) [Y0] = O
so that the autoregressive coefficient a is identified in the joint distribution of
Y., and ¥;; conditional on ¥;, f(yi0, ¥:s | ¥11)- According to our Definition 2, this
means that ¥;, is first order exogenous for a in this model. However, Y;, is not

weakly exogenous for a under the following fully parameterized specification
of the joint distribution of (¥;;, ¥y, Y;4). Let us assume

* Notice the change of the notation from ¢ and T to i and N, respectively, to avoid a
confusion between the time series and the cross-sectional dimensions in this model.
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Yl Yigotpp ooor Yoo M ~ N(@Y_y, + 1, 02) (s = 2,8)
ﬂilyn ~ N(AY,, 0'121)

0,2

0-2
Y ,~N|0, 1 + -
(l—ap ~ (1-02)

Notice that the previous assumptions fully specify the joint distribution f{y
Piz» Yis) since

il

S0 220 9is) = S0i2s ¥is ]J’il)f()’u)

and

SWi2s i3 I)’il) = J-f(yibyis |)’m n) f(n l)’n)dn

S0 3is 905 M) = fss 025 30> 1) f 0z |90 M)
Specifically, we have (see Arellano and Bover (1990)):

Y, n
{ * ( 2) Yi]’
Yis Tig
withm, = a + A, 1y = 0 (@ + A) + X, 0y = 0} + 62, 045 = (1+a)*02 + (1 +02) 02
and @,; = (1 +a)o? + aoc? Notice that a satisfies

Wy, ®
IYn ~ N 22 Was

@95 Mg

Ty — My
Q=————
m,— 1

and so it is clearly identified in the conditional model. However, the marginal
distribution of ¥}, contains additional information on @, so that Y;, cannot be
weakly exogenous for a, although it is exogenous in the sense of Definition
1.

A3. Linear least squares projections

Linear projections or best linear predictors (BLP) have many applicatons in
applied econometrics. A leading case is the application to the signal extraction
problem (see Sargent (1987, Chapter 10) or Goldberger (1991) for recent
accounts of the theory and illustrations). Suppose that the parameters of inte-
rest are the coefficients a and B of the BLP of ¥, given Z;:

E'(Y,|2) = a + BZ,
where

Cov (Y, Z)

b= Var (Z))
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o= E(Y,) — BE(Z)

and it is assumed that (¥,, Z,) are jointly stationary with conditional expecta-
don function (CEF) of ¥, given Z,.
EY,|2) = g(Z., )
In this problem, @ and B cannot be retrieved from knowledge of the conditio-
nal distribution f{y |z) unless g(Z,, 8) is linear, in which case the CEF and the
BLP coincide. We have
Cov(E(Y,|Z),z) _ Cov(g(Z ), Z)
Var(Z,) Var(Z))

1fg(Z,,0) = 8, + 6,2, it follows from the expression above that B = §,, but if
g(Z,, 8) is nonlinear, knowledge of the marginal distribution of Z, is required
to be able to identify a and B. Hence Z, is not exogenous for o and B in the

linear projection model, although it is exogenous for 6.

The implications of exogeneity can be clearly seen in this example by conside-
ring various forms of sampling: with random sampling from the joint distri-
bution f(y,,z,), the ordinary least squares (OLS) regression of Y, on Z, produces
consistent estimates of @ and B, while non-linear least squares (NLS) estimates
6 consistently. However, with stratified sampling with empirical distribution
of Z, given by h(z,), and sampling of ¥, from the sequence of conditional distri-
butions f{y,|z,), NLS still estimates 6 consistently but OLS does not estimate
consistently a and .

As an illustraton, suppose that
Y,|Z, ~ N6, + 6,2, 6%
If Z, has a marginal Poisson distribution with parameter A
fz,) = Xt exp(—A/z,!
it can be easily checked taht
B=@r+ 186,
while if Z, ~ N(A, o2) then
B = 220,

This illustrates the fact that to determine B we require knowledge of both
parameters of the conditional distribution of ¥,|Z, and the marginal distribu-
tion of Z,.
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Abstract

This article presents exogeneity concepts which discriminate between a situation
where parameters of interest are identified from a conditional model, and so consis-
tent inferences can be made without having to specify the unconditional model, and a
situation where this is not possible. For time series models, related definitions of pre-
determinedness and strict exogeneity are given which coincide with the standard usage
of the terms in the econometric literature. Three examples are provided: a time series
rational expectations model, an autoregression for panel data and a linear least squa-
res projection.
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